INTRODUCTION
The mathematical model of a flexible structure can be approximately derived by using the assumed-mode method (AMM) or the finite-element method (FEM) (Junkins and Kim, 1993) . Both methods have been widely applied to diverse applications (Bayo, 1987; Cannon and Schmitz, 1984; Chang and Chen, 1997; Matsuno, Murachi, and Sakawa, 1994; Yeung and Chen, 1989) . It is recognized that the FEM is generally more applicable to the modeling of various kinds of flexible structures and usually also better in estimating the natural frequencies. Motivated by these features, this paper introduces a sliding-mode control for the FEM-based single-link flexible arm to treat vibration suppression.
The sliding-mode theory (Utkin, 1977; Itkis, 1976 ) is one of the important robust control theories. Recently, many investigators have paid attention to the sliding-mode control of the robotic flexible arm; for examples, see Yeung and Chen (1989) and Nathan and Singh ( 1991 ) . In the work of Yeung and Chen (1989) , the authors successfully developed a robust slidingmode controller with respect to the payload variation for the AMM-based single-link flexible arm. Most significantly, they proposed a systematic scheme to choose the sliding function based on the AMM-based model. The determination of a sliding function is, however, an effort for conventional sliding-mode controller design. Therefore, to adopt their sliding-mode control appropriately, it is necessary to change the FEM-based model into a form similar to the AMM-based model. The main tool employed here is the Schur decomposition (Golub and Van Loan, 1989) Yeung and Chen (1989) for the AMM-based model. Furthermore, n strain gauges are required to obtain the variables for the FEM-based control input when the flexible arm is considered to possess n equal-length segments. Note that the number of the strain gauges is the same as that needed for an n-mode AMM-based model.
The next section will derive the reduced FEM-based model. In Section 3, a modified sliding-mode controller is developed to deal with vibration suppression. The robustness to the payload variation of the sliding-mode control will be illustrated by simulation results shown in Section 4. Finally, the concluding remarks are given in Section 5.
REDUCED FEM-BASED MODEL OF A SINGLE FLEXIBLE ARM
Based on the finite element method (Junkins and Kim, 1993) where L = PN. Note that all the matrices A, S2, N, P, and L depend on the payload mt. Since P is orthogonal, that is, PT P = I, from (2) it can be obtained that (Utkin, 1977) , it can be obtained that 9 = 0 as the equivalent control is applied to the system. Therefore, differentiating (14) yields Now, the system in the sliding mode can be described by (16) and (13). Note that (12) has been replaced by (16) . Further taking the Laplace transform of (16) They are treated as the unmodeled terms and always exist in the practical systems. In the next section, although the controller is designed based on the reduced model, the simulation is implemented for the original system (1), possessing the high-frequency components. As a result, the simulation results will show that the system performance is badly affected when the control law excites these unmodeled high-frequency components. This is especially true for the system transient behavior before reaching the desired set-point.
NUMERICAL SIMULATION
As a demonstration, we will carry out a numerical simulation for a single-link flexible arm, which has a uniformly distributed mass m along the central axis and a rectangular cross- Figure 2 , although the control algorithm is designed for the nominal case mt = 0.4, the tip-position is still successfully controlled to the desired position for the other two cases mt = 0.3, 0.5. Clearly, this verifies that the sliding-mode control is robust to the payload variation. Figure 3 shows the required control inputs for these three cases, where chattering still exists during the transient 0 < t < 2. It seems that the use of saturation function cannot avoid the chattering problem. In fact, such chattering is caused by those unmodeled terms in (1) related to m4 to OJ6, which have been included in the simulation. They, of course, cannot be effectively handled by the control algorithm (30), which is only derived to deal with the reduced model (12) and (13). Such defect can be also seen from Figure 4 , which presents the sliding function for mt = 0.4. During the transient 0 < t < 2, the system trajectory is not completely constrained in the sliding layer < E(= 0.01). It is because the system tends to reach the control goal as fast as possible from the starting time. As a result, the control input requires high-frequency components to speed up the system response during the transient. Simultaneously, the high-frequency unmodeled terms are also stimulated to degrade the system response. After the transient, the system is well controlled to the neighborhood of the control goal. That means the control input intends to drive the system to the destination smoothly; therefore, the high-frequency unmodeled terms will not be excited. As expected, the system is controlled without any chattering after the transient. 
CONCLUSION
This paper develops a sliding-mode control of an FEM-based single-link flexible arm. Before the controller design, the FEM-based model is reduced via the Schur decomposition to keep only the lower half of natural frequencies, which are well estimated in the FEM-based model. Simulation results are included to illustrate the robustness of the sliding-mode control against the payload variation.
